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Abstract
We present a geometrical description of N = 8 supergravity, using central charge super-
space. The essential properties of the multiplet, like self-duality properties of the vectors
or the non-linear sigma model structure of the scalars, are deduced from constraints at 0
and 1/2 canonical dimension. We also present in detail how to derive from this geometrical
formulation the supergravity transformations as well as the whole equations of motion for
the component fields in order to compare them with the results already known and obtained
in formulations on the component level.
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1 Introduction
N = 8 extended supergravity is called maximal in the sense that it does not require helicities
larger than two (gravitons). One of its intriguing properties is that it admits SU(8) as
intrinsic gauge invariance group. The spectrum of the multiplet looks rather complicated
at the first sight: it contains a graviton, 8 Rarita-Schwinger fields, 28 graviphotons, 56
helicity 1/2 fields and 70 helicity 0 states, which are considered to be all scalars. However,
these fields are organized in a quite simple structure which is recovered and described in a
concise manner using the geometric description of the theory in central charge superspace.
One of the main objectives of the present paper is to emphasize this feature.
The analysis of these theories began with the development of the basic structure of
SO(8) supergravity, realized by de Wit and Freedman [1]. They remarked the presence
of complicated, non-polynomial structures in the scalars and pseudo-scalars of the theory.
After that, Cremmer and Julia described in detail the component structure of this theory
[2], [3], obtaining it by dimensional reduction of the 11 dimensional supergravity theory to
4 dimensions. In particular, they established that the scalars take part of a non-linear σ
model and they live on the E7/SU(8) coset space. De Wit and Nicolai also resumed the
properties of this theory [4] with particular attention on separating deducible properties
and conjectures which yield the known and accepted structure.
The well-known methods of superspace geometry, as developed by Wess and Zumino
[5] and resumed in [6] were generalized to extended supergravity and were applied to the
N = 8 case [7], [8]. In these papers, the authors used ordinary extended superspace, without
any additional bosonic coordinates. In this approach the identification of both the vectors
and the scalars can be done through their field strengths in torsion components, neverthe-
less, for more clearness, the necessary number of gauge vectors is introduced explicitly in
the covariant derivatives. In order to render the description more transparent, Howe and
Lindstro¨m in the appendix of [8] and Siegel [9] introduce additional bosonic coordinates in
superspace. This second approach is completely equivalent with the former one, though, it
gives a more natural interpretation of graviphotons: they are identified as the gauge vectors
corresponding to local translations in the direction of the additional bosonic coordinates.
Concerning the scalars, they are identified in a non-trivial way in some components of the
super-vielbein in the extra bosonic sector. In reference [10] a detailed presentation is given
of this second approach.
The aim of this paper is to present an approach to the identification of the N = 8
supergravity in central charge superspace, generalizing the constructions applied to N = 2
[12] and N = 4 [13]. Here, the vectors are identified in the frame components with central
charge flat index and the corresponding gauge transformations are realized as superspace
diffeomorphisms in the central charge directions. Moreover, we show that it is possible to
identify the scalars of the theory directly, in torsion components of 0 canonical dimension.
Also, the three silver rules for maximally dualised extended supergravities [14] are recovered
as consequences of natural and simple constraints on the geometry. Namely, we find that the
moduli space of the scalar fields has a E7(+7)/SU(8) coset space structure, that these scalar
fields serve as converters between SU(8) indices and central charge indices (corresponding
to E7(+7) representation indices), and also, that the vectors taking part of the multiplet
are self–dual or anti–self–dual in the SU(8) basis while they satisfy a twisted self–duality
relation in the central charge basis.
The paper is organized as follows. In section 2, we review the basic structure of central
charge superspace. Section 3 is devoted to the identification of the multiplet: physical fields
are identified in the vielbein and in the torsion, and their main properties are deduced from
the geometric structure. Then, we compute the supergravity transformations of the fields
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in section 4. We finish with the equations of motion which are presented in section 5.
2 General geometric structure
The geometrical description of extended supergravity theories is based on a generalization to
the extended case of standard N = 1 superspace methods [6], [15]. The Abelian gauge vec-
tors which appear for higher N have a natural interpretation in central charge superspace:
they appear as components of the superspace frame. As such, their gauge transformations
appear on the same footing as space-time diffeomorphisms and local supersymmetry trans-
formations. General ideas about supergravity in central charge superspace are presented
in detail in [12] and [13]. Nevertheless, we recall here briefly the basic notions we use
throughout the article.
Consider the central charge superspace with frame EA = (Ea, EαA , E
A
α˙ , E
u), where a, α,
α˙ denote the usual vector and Weyl spinor indices, capital indices A count the number of
supercharges and boldface indices u the number of central charges. The structure group,
which is chosen to be SL(2, C) ⊗ SU(8), acts on the frame, δXE
A = EBXB
A, and the
corresponding covariant derivatives are defined in terms of the connection 1–form ΦB
A.
The representation of the structure group on flat indices is block-diagonal with respect
to the space-time, spinorial and central charge sector. The a priori non-zero connection
components ΦB
A are then
Φb
a , ΦBβ
α
A = δ
B
AΦβ
α + δαβΦ
B
A , Φ
β˙
B
A
α˙ = δ
A
BΦ
β˙
α˙ + δ
β˙
α˙Φ¯B
A , Φu
z , (1)
with ΦAA = 0 and Φ
B
A + Φ¯A
B = 0, as properties of the vector representation of the Lie
algebra su(8) 1. (Conventions and notations concerning vector and spinor representation
of the Lorentz group are those of [16], while some useful properties of SU(N) tensors are
given in appendix A.)
The torsion and the curvature are given as differential forms in central charge superspace
TA = DEA = dEA + EBΦB
A , (2)
RB
A = dΦB
A +ΦB
CΦC
A , (3)
and satisfy the Bianchi identities
DTA = EBRB
A , (4)
DRB
A = 0 , (5)
where the Bianchi identity of the torsion (4) is a consequence of the action of two covariant
derivatives on a covariant vector uA,
DDuA = uBRB
A , (6)
and the definition of the torsion (2).
The supergravity transformations (or Wess-Zumino transformations) are defined as
usual [6], [16] to be a special combination of diffeomorphisms and gauge transformations
such that they transform covariant vectors into covariant vectors:
δWZξ
.
= (Lξ + δX) X=ıξΦ
, (7)
1We note SU(8) the Lie group and su(8) its Lie algebra
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acting on covariant vectors by the “covariant Lie derivative” Lξ = ıξD+Dıξ. In particular,
the supergravity transformations of the vielbein and the connection are the following:
δWZξ E
A = DξA + ıξT
A , (8)
δWZξ ΦB
A = ıξRB
A . (9)
The geometrical description of the N = 8 supergravity theory in this context, is to
identify first the components of the multiplet in the geometrical objects reviewed above
(frame, torsion, connection, curvature) in such a way that they transform under supergrav-
ity transformations between themselves. Once the identification of the component fields
is done and in order to convince oneself that the identified theory is nothing else but the
N = 8 supergravity described in the original works on the component level, one has to
compare the supersymmetry transformations as well as the equations of motion we can
deduce from the geometrical description with those given in the component formalism [2],
[4].
This is the aim and the strategy of the next sections.
3 Identification and properties of the multiplet
We will identify in this section the component fields (one graviton, 8 Rarita-Schwinger
fields, 28 graviphotons, 56 helicity 1/2 fields and 70 scalars) in the context of the basic
geometrical objects of central charge superspace.
3.1 Identification of the gauge component fields in the super-vielbein
In analogy with general relativity, where the graviton is identified in the vierbein, central
charge superspace provides a unified geometric interpretation of the graviton, gravitini and
graviphotons in the frame EA,
Ea = dxmem
a , EαA =
1
2
dxmψm
α
A , E
A
α˙ =
1
2
dxmψ¯m
A
α˙ , E
u = dxmvm
u ,
(10)
where the double bar projects at the same time on the vector coefficient of the differential
form and on the lowest superfield component [17].
Also, there are a priori other independent gauge fields in the theory, namely, the con-
nection fields. Concerning the connection in the central charge sector, let us adopt in the
following the requirement that the representation of the structure group on central charge
indices be trivial,
Φu
z = 0 . (11)
Concerning the other components, the double bar projections of the connection one–forms
Φb
a = dxmΦmb
a , ΦBA = dx
mΦm
B
A (12)
give the ordinary Lorentz and SU(8) connections. However, as it will be shown in the
next sections (see equations (81) and (74)), once the constraint (11) adopted, in the case
of the on–shell N = 8 supergravity both the Lorentz and the SU(8) connections are given
as functions of the other component fields and their space-time derivatives.
As the remaining component fields of the multiplet, the scalars and the helicity 1/2 fields,
have to complete the above gauge fields into a supersymmetry multiplet. We are looking for
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them in the supergravity transform of the frame (8), that is in torsion components, which
satisfy the Bianchi identity (4), or displayed on 3–form coefficients,(
DCB
A
)
T
: EBECED
(
DDTCB
A + TDC
FTFB
A −RDCB
A
)
= 0 . (13)
Torsion components also appear in the algebra of covariant derivatives (6)
(DC ,DB)u
A = −TCB
FDFu
A +RCBF
AuF , (14)
when it is acting on a covariant vector uA.
Recall, that in general relativity the Bianchi identities (4) and (5) are independent,
while for supergravity defined in ordinary extended superspace without central charge co-
ordinates, Dragon’s theorem [18] tells us that the Bianchi identities for the curvature (5)
are a consequence of the Bianchi identities for the torsion (4). In this latter case, the
torsion is considered as the fundamental object of the geometry and all curvature compo-
nents are expressed as functions of the torsion components and their covariant derivatives.
However, as the theorem of Dragon is based on the relation between the representations
of the structure group on bosonic and fermionic indices, in the presence of central charge
coordinates in general it ceases to be valid as it stands [19]. Nevertheless, assuming trivial
gauge structure (11) in the central charge sector, Dragon’s theroem remains valid and it is
sufficiant to investigate the first set (13) of Bianchi identities.
The constraints
TCγ b
a = 0 , T γ˙C b
a = 0 , Tcb
a = 0 , (15)
are the usual conventional ones [20], [19], which are nothing else but some redefinitions of
the supervielbein and of the Lorentz connection. Other less conventional constraints, as for
example
TzB
A = 0 , (16)
serve to reduce the number of independant fields and may also imply equations of motion.
The remaining constraints, at canonical dimension 0 and 1/2, allow the identification
of the scalars and the 1/2 helicity fields. They will be presented in the next two para-
graphes in some more detail. Once the constraints on torsion components are imposed,
their consistency with Bianchi identities (13) must be checked, which has been carefully
done.
3.2 Constraints at dimension 0, identification of the scalars
The geometrical description of the N = 8 supergravity multiplet in central charge su-
perspace is based on a set of natural constraints at canonical dimension 0. This type of
constraints was already used to identify the N = 2 minimal supergravity multiplet [12] as
well as to identify the N = 4 supergravity with antisymmetric tensor [13], [21], the Nicolai–
Townsend multiplet. They remain the same in the present case of N = 8 supergravity
:
TCγ
B
β
a = 0 , TCγ
β˙
B
a = −2iδCB(σ
aǫ)γ
β˙ , T γ˙C
β˙
B
a = 0 , (17)
TCγ
B
β
u = ǫγβT
[CB]u , TCγ
β˙
B
u = 0 , T γ˙C
β˙
B
u = ǫγ˙β˙T [CB]
u . (18)
As in the N = 4 case, we expect that the objects T [CB]u and T [CB]
u, which can be
organized in matrix form as
T
.
=
(
T [DC]u
T[DC]
u
)
, (19)
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play an important role in the identification of the scalars. One of the most important
assumptions we make in order to identify the N = 8 supergravity multiplet is to suppose
that there exists a matrix S with components
S
.
=
(
Su[DC] Su
[DC]
)
, (20)
such that the components of T and S satisfy(
T [DC]uSu[BA] T
[DC]uSu
[DC]
T[DC]
uSu[BA] T[DC]
uSu
[DC]
)
=
(
1
2δ
DC
BA 0
0 12δ
BA
DC
)
(21)
Su[BA]T
[BA]z + Su
[BA]T[BA]
z = δz
u
. (22)
Recall, that we did not fix a priori the number of central charge indices u. However,
the assumptions above imply that the matrices T and S are square matrices of dimension
N(N − 1) and of maximal rank2. So, these assumptions fix the number of central charge
indices u to be N(N − 1) = 56, and we can write the relations (21) and (22) as
TS = 156 , ST = 156 . (23)
In this sense S is the inverse of the matrix T , constructed from the Lorentz scalars contained
in the torsion components of zero canonical dimension (18).
As a matter of fact, these matrices serve as converters between the central charge basis
(indices u) and the SU(8) basis in the antisymmetric representation (indices [DC] and
[DC]).
For instance all object Xu can be converted in the SU(8) basis using the matrix S:
(
X[DC] X
[DC]
)
= Xu
(
Su[DC] Su
[DC]
)
. (24)
Inversely, one can come back to the central charge basis using the matrix T :
Xu =
(
X[DC] X
[DC]
)( T [DC]u
T[DC]
u
)
= X[DC]T
[DC]u +X [DC]T[DC]
u. (25)
We identify the scalars of the multiplet as the lowest superfield components of the scalar
superfields T :
T = T , S = S . (26)
However, at this stage we have a problem with the degrees of freedom contained in the
objects S. Namely, in the N = 8 supergravity multiplet we expect to have 70 scalars,
while the matrix T identified in torsion components, and therefore its lowest superfield
components T , have a priori 56× 56 independent components. This problem will be solved
in paragraphe 3.5, at dimension 1, where we will rather count the degrees of freedom in the
field strength (DmT )S.
3.3 Constraints at dimension 1/2, identification of the 1/2 helicity fields
In turn, the helicity 1/2 fields, or gravigini fields, are identified as usual [10], [22] in the
dimension 1/2 torsion component
TCγ
B
β
A
α˙ = ǫβγT
[CBA]
α˙ , T
γ˙
C
β˙
B
α
A = ǫ
β˙γ˙T[CBA]
α , (27)
2The demonstration is immediate using the property rank(AB) ≤ min(rank(A), rank(B)) for all ma-
trices A and B with dimensions such that the product of them is well-defined.
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as the lowest superfield component of the gravigini superfields T[CBA]
α and T [CBA]α˙,
T[CBA]
α = λ[CBA]
α , T [CBA]α˙ = λ
[CBA]
α˙ . (28)
Recall that our aim is to describe the N = 8 on–shell supergravity multiplet containing
no other independent helicity 1/2 fields as these C38 = 56 ones in the totally antisymmetric
representation. Therefore, the constraints at canonical dimension 1/2 are chosen in such
a way that on one hand they eliminate all dimension 1/2 fields which are not in the good
representation of SU(8), and, on the other hand all the remaining 1/2 helicity fields are
linear combinations of T[CBA]α and T
[CBA]α˙.
More precisely, we require first
TCγ
B
β
α
A = 0 , T
γ˙
C
β˙
B
A
α˙ = 0 , T
C
γ
β˙
B
A
α˙ = 0 , T
γ
C
B
β˙
α˙
A = 0 . (29)
The case of torsion components of the form TCD
u deserves more attention. Recall that
we have already eliminated those with at least one central charge differential form index.
As to those with a structure group central charge index, the possibility to pass from the
central charge basis (indices u) to the SU(8) basis (antisymmetric combination [BA]) will
be crucial for the following discussion. Candidates of torsion components which allow to
accomodate T[CBA]α or T
[CBA]α˙ are
X
[DCB]u
δ = D
D
δ T
[CB]u , X δ˙[DCB]
u = Dδ˙DT[CB]
u , (30)
and TαA
u, T α˙Au, which appear in the expression of the torsion components
TCγ b
u = −2i(σb)γγ˙T
γ˙Cu , T γ˙C b
u = −2i(σ¯b)
γ˙γTγC
u . (31)
As a consequance, we require
TαC
u
(
Su[BA] Su
[BA]
)
=
(
αTγ[CBA] 0
)
(32)
T α˙Cu
(
Su[BA] Su
[BA]
)
=
(
0 α¯T γ˙[CBA]
)
(33)
X [FDC]γ
u
(
Su[BA] Su
[BA]
)
=
(
0 βεFDCBAG1G2G3Tγ[G1G2G3]
)
(34)
X γ˙[FDC]
u
(
Su[BA] Su
[BA]
)
=
(
β¯εFDCBAG1G2G3T
γ˙[G1G2G3] 0
)
. (35)
These assumptions assure that the gravigini fields T[CBA]α and T
[CBA]α˙ are the only 1/2
helicity fields in the geometry, and in particular, all the torsion components of canonical
dimension 1/2 can be expressed using these fields (see appendix B). Also, with these addi-
tional assumptions the Bianchi identities
(
D
δ
C
γ
B
β
u
)
T
,
(
D
δ
C
γ
β˙
B
u
)
T
with their complex conjugates
imply that the Lorentz scalar T transforms under supersymmetry transformations into the
helicity 1/2 fields:
(DDδ T )S =
(
0 βεBAB
′A′DEFGT[EFG]δ
−12
1
3!δ
DEFG
BAB′A′
T[EFG]δ −
(16α−1)
2 δ
DC
BAT[CB′A′]δ 0
)
(36)
(Dδ˙DT )S =
(
0 −12
1
3!δ
BAB′A′
DEFG T
[EFG]δ˙ −
(16α¯−1)
2 δ
BA
DCT
[CB′A′]δ˙
β¯εBAB′A′DEFGT
[EFG]δ˙ 0
)
(37)
with α, α¯, β and β¯ some complex parameters, which will be determined by consistency
requirements at higher canonical dimensions, in sections 3.4 and 3.5.
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3.4 Self-duality and anti-self-duality of the graviphotons
The use of central charge superspace allowed to identify the gauge vectors of the multiplet
in the super-vielbein (10). Notice, on the one hand that at this stage we identified in the
geometry as many gauge vectors vm
u as the number of central charge indices, that is 56.
On the other hand, the number of graviphotons taking part of the N = 8 supergravity
multiplet is only the half of that, that is 28. The aim of this paragraph is to clarify this
problem by analyzing how the Bianchi identities imply specific properties satisfied by the
field strength of the gauge vectors vm
u, reducing their degrees of freedom to the half.
Since the vectors are identified in the vielbein, their super-covariant field strength is the
torsion component Tba
u, which we denote in the following by Fba
u and which in turn can
be converted in the SU(8) basis by(
Fba[DC] Fba
[DC]
)
= Fba
u
(
Su[DC] Su
[DC]
)
. (38)
It is worthwhile to present here briefly the intriguing interplay of the Bianchi identities in
order to determine the properties of this object.
First of all, recall the very general result of the Bianchi identities
(
δ˙
D
γ˙
C
B
β
α
A
)
T
and
(
D
δ
C
γ
β˙
B
A
α˙
)
T
concerning the spinorial derivatives of the 1/2 helicity fields
DD(βTα)[CBA] = −iδ
DEF
CBAG(βα)[EF] , (39)
D
(β˙
D T
α˙)[CBA] = −iδCBADEFG
(β˙α˙)[EF] . (40)
Here the superfields G(βα)[BA] and G
(β˙α˙)[BA] are the self–dual and respectively, the anti–
self–dual part of the a priori arbitrary antisymmetric tensor superfields Gba[BA] and Gba
[BA],
appearing in the torsion components
T γ˙C b
α
A =
1
2
(σ¯f )γ˙α
(
ηfbT(CA) −Gfb[CA]
)
, (41)
TCγ b
A
α˙ =
1
2
(σf )γα˙
(
ηfbT
(CA) −Gfb
[CA]
)
, (42)
as they are given by the Bianchi identities
(
δ˙
D
γ˙
Cb
a
)
T
and
(
D
δ
C
γ b
a
)
T
. Now the question is how
to relate the antisymmetric tensors Gba[BA] and Gba
[BA] to the field strength Fba
u of the
graviphotons, since a relation between these two objects would insure that, as expected,
the supersymmetry transform of the 1/2 helicity fields contains the field strength of the
gauge vectors.
The response is given by the Bianchi identity
(
D
δ
γ˙
Cb
u
)
T
, which turns out to be a real
mine of information. Namely, it implies that the antisymmetric tensors Gba[BA] and Gba
[BA]
are related to the SU(8) components of the field strength of the graviphotons in a very
simple way:
Gba[BA] = −8iFba[BA] , Gba
[BA] = −8iFba
[BA] . (43)
Moreover, it implies that the parts of the field strength which are not present in the spinorial
derivative of the helicity 1/2 fields vanish in the linear approach. They are given as quadratic
terms in the gravigini:
F (δ˙β˙)[BA] =
α¯β¯
3!
εBAF1...F6T
[F1F2F3]δ˙T [F4F5F6]β˙ , (44)
F(δβ)
[BA] =
αβ
3!
εBAF1...F6T[F1F2F3]δT[F4F5F6]β . (45)
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These are the relations which permit us to write down the self–duality properties of the
graviphotons (51) and explain the reduction of the graviphotons’ degrees of freedom.
Finally, the same Bianchi identity implies the vanishing of the superfields T (BA) and
T(BA), gives the antisymmetric part of the spinorial derivative of the gravigini as a quadratic
term in themselves
DD[βTα][CBA] = −
β¯
2
ǫβα εCBAEFGHIT
[DEF]
α˙ T
[GHI]α˙ , (46)
D
[β˙
D T
α˙][CBA] = −
β
2
ǫβ˙α˙ εCBAEFGHITα[DEF]T[GHI]α , (47)
and fixes the parameters α and α¯ by implying the relations(
α−
1
16
)
F(δβ)[BA] = 0 ,
(
α¯−
1
16
)
F (δ˙β˙)[BA] = 0 . (48)
Recall, that the parts of the field strength F which appear in relations (48) are those, in
which the gravigini fields transform under supersymmetry and we require that they do not
vanish. So, the parameters α and α¯ are determined to be α = α¯ = 1/16.
As a conclusion of this paragraph let us denote the objects
F+ba[BA] = Fba[BA] −
1
16
β¯
3!
εBAF1...F6 T
[F1F2F3]σ¯baT
[F4F5F6] (49)
F−ba
[BA] = Fba
[BA] −
1
16
β
3!
εBAF1...F6 T[F1F2F3]σbaT[F4F5F6] (50)
which in virtue of the relations (44) and (45) satisfy the self–duality and anti–self–duality
relations
i
2
εdcbaF+ba[BA] = F
+dc
[BA] ,
i
2
εdcbaF−ba
[BA] = −F−dc[BA] , (51)
and are the parts of the graviphoton field strength which effectively take part of the mul-
tiplet. These self–duality relations can also be given in the central charge basis as
i
2
εdcbaFba
u = F dcz (SωT )
z
u
−
1
8
β¯
3!
εBAF1...F6(T
[F1F2F3]σ¯baT
[F4F5F6])T [BA]u
+
1
8
β
3!
εBAF1...F6(T[F1F2F3]σbaT[F4F5F6])T[BA]
u , (52)
with
ω =
(
1
2δ
DC
BA 0
0 −12δ
BA
DC
)
(53)
an 56× 56 matrix. In the linear approach one can recognize in (52) the twisted self–duality
relation for graviphotons [14], which is also called the third silver rule of supergravity3. Let
3It is possible to construct an object F˜ba
u satisfying the pure twisted self–duality relation
i
2
ε
dcba
F˜ba
u = F˜ dcz (SωT )
z
u
even in the full non–linear case, using the self–dual and anti–self–dual field strengths F+
ba[BA] and F
−
ba
[BA]:
F˜ba
u =
(
F+
ba[DC] F
−
ba
[DC]
)( T [DC]u
T[DC]
u
)
.
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us anticipate here, that the matrix ω plays the roˆle of an invariant operator acting on the 56
dimensional representation of the Lie group K for a supergravity theory, where the scalars
are organized in a G/K non–linear sigma model. In our case one finds a E7(+7)/SU(8)
non–linear sigma model structure for the scalars – but this will be the subject of the next
paragraph.
3.5 The E7(+7)/SU(8) non–linear sigma model
As already observed on the component level [3], [4] and put in evidence in the former super-
space approaches [7], [8], [10], the hypothesis that the scalars take part of an E7(+7)/SU(8)
non–linear sigma model is compatible with the structure of the multiplet. General features
of G/K non–linear sigma models with G a non–compact Lie group and K its maximal
compact sub–group can be found in [23], [24], [25].
Recall however, that in component approaches this structure is related to the existence
of a duality invariance [3], [25], while the identification of E7(+7) as the duality group is
based only on considerations on the dimensions of the interplaying Lie groups [3], [4]. Then,
the existing geometrical descriptions, in order to recover this structure, use constraints
inspired by the 56 dimensional, fundamental representation of the Lie algebra of E7(+7) on
the supercovariant field strength of the scalars. The aim of this paragraph is to analyze the
properties concerning these aspects implied naturally by the constraints presented so far.
As in the case of the gauge vectors there is an ensemble of Bianchi identities which
interplay in order to give the properties of the field strength of the scalars identified in the
56× 56 matrix (DaT )S.
First of all, as we expect to identify the field strength of the scalars in the supersymmetry
transform of the gravigini fields, let us recall the general result of the analysis of Bianchi
identities
(
D
δ
C
γ
B
β
A
α˙
)
T
and
(
δ˙
D
γ˙
C
β˙
B
α
A
)
T
. Namely, that they are satisfied if and only if the covariant
spinorial derivatives of the spinor fields T[CBA]α and T
[CBA]α˙ giving a Lorentz vector are
totally antisymmetric in their SU(8) indices:
DDδ T
[CBA]α˙ = Pδ
α˙[DCBA] , Dδ˙DT[CBA]α = Pα
δ˙
[DCBA] , (54)
with Pβ
β˙ [DCBA] and Pβ
β˙
[DCBA] a priori some arbitrary superfields.
Now again, the essential question is how can we relate the field strength of the scalars,
(DbT )S, to the superfields Pb
[DCBA] and Pb[DCBA]. In order to answer this question, notice
that the covariant derivatives DbT
[DC]u and DbT[DC]
u appear explicitly in the Bianchi iden-
tities
(
D
δ
C
γ b
u
)
T
and
(
δ˙
D
γ˙
Cb
u
)
T
. These are the identities which imply that the field strength
(DbT )S of the scalars should take the form
(DbT )S =

 −2δ[D[B TˆbC]A] − i4Pb[DCBA]
− i4Pb[DCBA] 2δ
[B
[DTˆ
A]
b C]

 , (55)
that is, it contains the superfields P as off–diagonal blocks. Moreover, using the algebra of
covariant derivatives, one can easily show at this stage, that the superfields P with upper
SU(8) indices are related to the superfields P with lower SU(8) indices by the totally
antisymmetric tensor,
Pb
[A1...A4] = −
β
2
εA1...A8Pb[A5...A8] , Pb[A1...A4] = −
β¯
2
εA1...A8Pb
[A5...A8] , (56)
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and the consistency of these two relations fixes the parameters β and β¯ to be β = −η/12
and β¯ = −η¯/12, with ηη¯ = 1. As a consequence, one has the following η–duality relations:
Pb
[A1...A4] =
η
4!
εA1...A8Pb[A5...A8] , Pb[A1...A4] =
η¯
4!
εA1...A8Pb
[A5...A8] . (57)
Concerning the object Tˆb
C
A, appearing on the diagonal of (55), is defined as a function
of an a priori arbitrary superfield Tb
C
A,
Tˆb
C
A = Tb
C
A +
i
16
T[AIJ]σbT
[CIJ] , (58)
which in turn appears in the decomposition of the torsion components TCγ b
α
A and T
γ˙
C b
A
α˙, as
it is given by the Bianchi identities
(
D
δ
γ˙
Cb
a
)
T
and
(
δ˙
D
C
γ b
a
)
T
:
TCα b
α
A = −2Tb
C
A , T
α˙
C b
A
α˙ = 2Tb
A
C . (59)
Since this superfield Tb
C
A is left undetermined by the constraints we put so far and since we
do not need independent superfields any more in the geometry, we fix it in such a way that
we have 0 on the diagonal of the (DbT )S matrix
4. This choice is suggested by the analogy
with the matrices (DBβT )S and (D
β˙
BT )S of (36) and (37). Therefore, we have
Tb
C
A = −
i
16
T[AIJ]σbT
[CIJ] , (60)
and since we also determined the values of the parameters α, α¯, β, β¯ in the expressions (36)
and (37) of the components with spinorial indices, we can sum up the results concerning
the 1–form Ω = (DT )S as follows:
ΩDδ = −
1
2
1
3!
(
0 ηεBAB
′A′DEFGT[EFG]δ
δDEFG
BAB′A′
T[EFG]δ 0
)
, (61)
Ωδ˙D = −
1
2
1
3!
(
0 δBAB
′A′
DEFG T
[EFG]δ˙
η¯εBAB′A′DEFGT
[EFG]δ˙ 0
)
, (62)
Ωa = −
i
4
(
0 Pa
[BAB′A′]
Pa[BAB′A′] 0
)
, (63)
Ωu = 0 . (64)
As a consequence, we have to just read out the general matricial structure of the entire
form Ω:
Ω = (DT )S =
(
0 Ω[DCBA]
Ω[DCBA] 0
)
(65)
where the forms Ω[DCBA] and Ω[DCBA] are related by the η–duality relations
Ω[HGFE] =
η
4!
εHGFEDCBAΩ[DCBA] , Ω[HGFE] =
η¯
4!
εHGFEDCBAΩ
[DCBA] , ηη¯ = 1 . (66)
4Recall that an analysis of conventional constraints on torsion components in extended supergravity [20],
[19] shows that the fixing of the traceless part of Tb
C
A is nothing but a redefinition of the SU(8) connection
component Φb
C
A. However, as the structure group is only SU(8) and not U(8), a fixing of the trace part
Tb
A
A cannot be interpreted as a conventional constraint.
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Let us emphasize here, that although an analogous one–form Ω is present in previous
geometrical descriptions [8], [10], its matricial properties like the total antisymmetry of
Ωa
[DCBA] and Ωa[DCBA] as well as the η–type duality relations were imposed [10] and not
deduced from lower dimensional constraints. Concerning our approach we can say that the
total antisymmetry as well as η–duality of the components of Ω, defined as Ω = (DT )S,
have their origin in the requirement that there should be only one type of 1/2 helicity fields
in the multiplet, that is in constraints at 1/2 canonical dimension.
Moreover, as a consequence of its definition, the one–form Ω has further remarkable
properties. First of all, it has the decomposition
Ω = (DT )S = (dT )S − ΦSU(8) , (67)
with ΦSU(8) the SU(8) connection in the 56× 56 representation
ΦSU(8) =

 2δ[D[BΦC]A] 0
0 −2δ
[B
[DΦ
A]
C]

 . (68)
Since it is defined using the covariant derivative, the fact that Ω transforms in a covariant
manner under SU(8) gauge transformations,
δXΩ = −XSU(8)Ω+ ΩXSU(8) , (69)
with XSU(8) the gauge parameter in the 56 × 56 representation (68), is obvious. Finally, Ω
satisfies the identity
DΩ+ ΩΩ+RSU(8) = 0 , (70)
with again, RSU(8) the SU(8) curvature in the 56× 56 representation (68).
All these properties of Ω show that it is a super–analogue of the one–form (usually
denoted by P ) used to write down the Lagrangian of a non–linear sigma model on G/K
coset space with G a non–compact Lie group andK its maximal compact subgroup. Clearly,
the gauge group SU(8) plays the roˆle of the compact groupK, so what remains, is to identify
the group G. As a matter of fact we only have access to the properties of a representation
of the Lie algebra of G, where the object (dT )S takes its values. Observe, that equation
(67) gives the form of the matrix (dT )S:
(dT )S =

 2δ[D[BΦC]A] Ω[DCBA]
Ω[DCBA] −2δ
[B
[DΦ
A]
C]

 , with Ω[HGFE] = η
4!
εHGFEDCBAΩ[DCBA] , (71)
where one can recognize the 56×56 representation of the Lie algebra of E7(+7) (see appendix
D of the article [3]). Here the matrix decomposition on the diagonal and off–diagonal parts
in the 28 × 28 blocks correspond to the decomposition of the Lie algebra of E7(+7) on its
Lie subalgebra su(8) and the orthogonal complement of su(8) with respect to the Killing
form. It is straightforward to verify that the su(8) part corresponds to the compact, while
its complement, the off–diagonal part, corresponds to the non–compact part of E7(+7).
Therefore, we accept that indeed, the scalars live on the E7(+7)/SU(8) coset space, so we
recovered the first silver rule for the maximally dualised form of the N = 8 supergravity
[14].
As a final check, one may recall as usual that the dimension of E7(+7) and SU(8) is
equal to 133 and respectively 63, therefore, the dimension of the coset space parametrized
by the scalar fields is 70: exactly the number of degrees of freedom in the field strength
Ωa of the scalars, that is C
4
8 , and exactly the number of degrees of freedom associated to 0
helicity fields in an N = 8 supergravity multiplet.
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3.6 The SU(8) connection
Recall, that the SU(8) connection 1–form ΦBA is introduced in the geometry as an a priori
independent object. However, the constraints we imposed imply that it can be expressed
as a function of the scalars and their derivatives. Indeed, the diagonal part of equation (67)
gives immediately the expression
ΦBA =
1
3
(
dT [FB]u
)
S
u[FA] = −
1
3
(
dT[FA]
u
)
Su
[FB] , (72)
with the property (
dT [IJ]u
)
S
u[IJ] =
(
dT[IJ]
u
)
Su
[IJ] = 0 , (73)
which ensures that the connection is traceless. Therefore, the SU(8) connection Φm
B
A is
neither an independent field, it can be expressed in terms of the scalar fields of the multiplet
and of their space–time derivatives:
ΦBA = dx
mΦm
B
A =
1
3
dxm
(
∂mT
[FB]u
)
S
u[FA] = −
1
3
dxm
(
∂mT[FA]
u
)
Su
[FB] , (74)
relation, which is in agreement with the expression given by de Wit and Nicolai [4].
Also, it should be noted that the diagonal part of equation (70) expresses the SU(8)
curvature in terms of Ω in a simple way,
RBA = −
1
3
Ω[BIJK]Ω[AIJK] . (75)
The identification of the SU(8) connection was possible because of the vanishing of the
central charge connection (11). With this condition, the Bianchi identities lead us to the
following results: all the curvature components with at least one lower central charge index
as well as the central charge derivatives of all torsion components vanish,
RzCB
A = 0 , DzTCB
A = 0 . (76)
Due to the these equations and equation (11), the central charge sector could appear to be
trivial. Nevertheless, it is essential on the one hand in identifying vectors in the vielbein
and the scalars in the torsion, and on the other hand in deducing the essential properties
as the self–duality properties of the vectors and the non–linear sigma model structure of
the scalars.
4 Supergravity transformations of the component fields
Once the component fields of the supergravity multiplet are identified, the aim of the present
section is to deduce their supergravity transformations in terms of component fields and
compare these transformations with those found on the component level [3], [4].
Recall that one of the fundamental advantages of the geometrical description in central
charge superspace is that space-time diffeomorphisms, supersymmetry and gauge trans-
formations identified as central charge transformations are treated on the same footing
as superspace diffeomorphisms. Given that component fields were identified in the super
vielbein and in torsion components and also that we know how such geometrical objects
transform under supergravity transformations (8), it is a straightforward exercice to write
down how these transformations act on components.
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Let us begin with the component fields identified in the frame (10): the graviton, the
gravitini and graviphotons. Their supergravity transformations can be read out of the
explicit component expansion
δWZξ Em
A = Dmξ
A + Em
BξCTCB
A (77)
of the transformation (8) taking the lowest superfield component (noted here by the bar )
and choosing for A either vector, spinorial or respectively central charge indices. As for the
scalars and spinor fields, identified in torsion components, that is as the lowest superfield
component of super–covariant fields V , their supergravity transformation is simply
δWZξ V = LξV = ξ
ADAV . (78)
However, in order to make explicit these transformation laws, we need the expression in
component fields of the lowest superfield components of the basic superfields appearing in
torsion components of (77) and covariant derivatives of (78). The aim of the next subsection
is precisely to give the list of the necessary expansions.
4.1 Supercovariant→component toolkit
The basic superfields appearing in torsion components (see appendix B) are all super–
covariant quantities and their lowest superfield components inherit this property. Let us
sum up in this paragraphe the component expressions of the supercovariant field strengths,
needed to write down supergravity transformations of the component fields. General for-
mulas used to determinate these expressions are easily written using the notation EA =
eA = dxmem
A [16].
Recall that the graviton, gravitini and graviphotons are identified in the super-vielbein.
Thus, their field strength can be found in their covariant counterparts using
TA =
1
2
dxmdxn
(
Dnem
A −Dmen
A
)
=
1
2
eBeCTCB
A . (79)
For A = a one finds the relation
Dnem
a −Dmen
a = iψ[nAσ
aψ¯m]
A , (80)
which determinates the Lorentz connection Φmkl = ek
bel
aΦmba in terms of the vierbein, its
derivatives and gravitini fields5
Φmkl =
1
2
(em
a∂kela − el
a∂meka − ek
a∂lema)− (k ↔ l)
−
i
4
(
ψmAσkψ¯l
A − ψlAσmψ¯k
A + ψkAσlψ¯m
A
)
− (k ↔ l) . (81)
For A = u, the central charge indices, we obtain in general the covariant field strength
of the graviphotons
Fba
u = eb
nea
mFnm
u + eb
nea
m
[
1
4
(ψ¯n
Cψ¯m
B) +
i
8
(ψ[nAσm]λ
[CBA])
]
T[CB]
u
+eb
nea
m
[
1
4
(ψnCψmB) +
i
8
(ψ¯[n
Aσ¯m]λ[CBA])
]
T [CB]u , (82)
5One may observe that in [4], page 334, the Lorentz connection depends also on the spinor fields. However,
this difference is just a matter of redefinition, it corresponds in our geometrical description to the replacement
of the conventional constraint Tcb
a = 0 by Tcb
a = λεdcb
a(T[CBA]σ
dT [CBA]).
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with Fnm
u the field strength of the graviphotons Fnm
u = ∂nvm
u − ∂mvn
u. This can also
be written in the SU(8) basis:
Fba[CB] = eb
nea
mFnm
uSu[CB] + e[b
nea]
m
[
1
4
(ψnCψmB) +
i
8
(ψ¯n
Aσ¯mλ[CBA])
]
, (83)
Fba
[CB] = eb
nea
mFnm
uSu
[CB] + e[b
nea]
m
[
1
4
(ψ¯n
Cψ¯m
B) +
i
8
(ψnAσmλ
[CBA])
]
. (84)
However, as we already have seen in section 3.4, the field strength of the graviphotons
satisfy self–duality relations, which reduce their degrees of freedom to the half. We have
seen in particular, that the dynamic part of this field strength corresponds to the self–dual
part F+ba[BA] of the component Fba[BA] and the anti–self–dual part F
−
ba
[BA] of the component
Fba
[BA], while the remaining parts (the anti–self–dual part of the component Fba[BA] and the
self–dual part of the component Fba
[BA]) are given as quadratic terms in the spinor super-
fields (44), (45). Therefore, we are rather interested in the expression of lowest superfield
components of the objects F+ba[BA] and F
−
ba
[BA]:
F+ba[CB] = eb
nea
mF+nm
uSu[CB] −
1
8
tr(σbaσ
nm)
[
(ψnCψmB) +
i
2
(
ψ¯n
Aσ¯mλ[CBA]
)]
, (85)
F−ba
[CB] = eb
nea
mF−nm
uSu
[CB] −
1
8
tr(σ¯baσ¯
nm)
[(
ψ¯n
Cψ¯m
B
)
+
i
2
(
ψnAσmλ
[CBA]
)]
. (86)
These are the objects, which correspond to the super–covariant field strength of the gravi-
photons Fˆ+nm[CB] and Fˆ
−
nm
[CB] used on the component level in the article [4], which can be
defined as
Fˆ+nm[CB] = en
bem
aF+ba[CB] , Fˆ
−
nm
[CB] = en
bem
aF−ba
[CB] , (87)
and have the expressions
Fˆ+nm[CB] = F
+
nm
uSu[CB] −
1
8
tr(σnmσ
kl)
[
(ψkCψlB) +
i
2
(
ψ¯k
Aσ¯lλ[CBA]
)]
, (88)
Fˆ−nm
[CB] = F−nm
uSu
[CB] −
1
8
tr(σ¯nmσ¯
kl)
[(
ψ¯k
Cψ¯l
B
)
+
i
2
(
ψkAσlλ
[CBA]
)]
. (89)
In order to be able to compare our results to those of the component approach in [4], we
will systematically use the objects Fˆ+nm[CB] and Fˆ
−
nm
[CB] in our component formulas.
As for A =Aα and A =
α˙
A we have the expression of the covariant field strength of the
gravitini
Tcb
α
A = eb
mec
nD[nψm]
α
A − 4ie[b
nFc]a[BA] (ψ¯n
Bσ¯a)α +
1
4
eb
mec
n(ψ¯n
Cψ¯m
B)λ[CBA]
α
−
i
16
e[b
n(ψnBσc]σ¯a)
α(λ[AEF]σ
aλ[BEF]) +
i
48
e[b
n(ψnAσc]a)
α(λ[EFG]σ
aλ[EFG]) ,
Tcb
A
α˙ = eb
mec
nD[nψ¯m]
A
α˙ − 4ie[b
nFc]a
[BA] (ψnBσ
a)α˙ +
1
4
eb
mec
n(ψnCψmB)λ
[CBA]
α˙
+
i
16
e[b
n(ψ¯n
Bσ¯c]σa)α˙(λ[BEF]σ
aλ[AEF])−
i
48
e[b
n(ψ¯n
Aσ¯c]a)α˙(λ[EFG]σ
aλ[EFG]) .
Defining Ψˆnm
α
A = en
cem
bTcb
α
A and respectively Ψˆnm
A
α˙ = en
cem
bTcb
A
α˙ , one obtains the su-
percovariant field strength of the gravitini used in the component formalism in the article
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[4]:
Ψˆnm
α
A = D[nψm]
α
A +
1
4
(ψ¯n
Cψ¯m
B)λ[CBA]
α
+4i(ψ¯[n
Bσ¯l)α
[
Fˆ+
m]l [BA] −
η
2(4!)2
εBAF1...F6(λ
[F1F2F3]σ¯m]lλ
[F4F5F6])
]
+
i
16
(ψ[nBσm]σ¯l)
α(λ[AEF]σ
lλ[BEF])−
i
48
(ψ[nAσm]l)
α(λ[EFG]σ
lλ[EFG]) ,
Ψˆnm
A
α˙ = D[nψ¯m]
A
α˙ +
1
4
(ψnCψmB)λ
[CBA]
α˙
+4i(ψ[nBσ
l)α˙
[
Fˆ−
m]l
[BA] −
η¯
2(4!)2
εBAF1...F6(λ[F1F2F3]σm]lλ[F4F5F6])
]
−
i
16
(ψ¯[n
Bσ¯m]σl)α˙(λ[BEF]σ
lλ[AEF]) +
i
48
(ψ¯[n
Aσ¯m]l)α˙(λ[EFG]σ
lλ[EFG]) .
Finally, for the field strength of the scalars Ωa, we can use the definition of the double
projection on the one–form Ω,
Ω = dxmΩm = e
AΩA , (90)
and obtain
Ωa = ea
m
[
Ωm −
1
2
ψm
α
AΩ
A
α −
1
2
ψ¯m
A
α˙Ω
α˙
A
]
, (91)
with Ωm = (DmT )S the ordinary field strength of the scalars. Then, using the expressions
of the matrix components in (61), (62), we obtain for the two off–diagonal blocks
Ωa
[DCBA] = ea
m
[
Ωm
[DCBA] +
η
4!
εDCBAEFGH
(
ψmEλ[FGH]
)
+
(
ψ¯m
[Dλ[CBA]]
)]
, (92)
Ωa[DCBA] = ea
m
[
Ωm[DCBA] +
(
ψm[Dλ[CBA]]
)
+
η¯
4!
εDCBAEFGH
(
ψ¯m
Eλ[FGH]
)]
. (93)
Analogously to the previous case, the super–covariant field strength of the scalars is defined
as Ωˆm = em
aΩa and has the component expansions
Ωˆm
[DCBA] = Ωm
[DCBA] +
η
4!
εDCBAEFGH
(
ψmEλ[FGH]
)
+
(
ψ¯m
[Dλ[CBA]]
)
, (94)
Ωˆm[DCBA] = Ωm[DCBA] +
(
ψm[Dλ[CBA]]
)
+
η¯
4!
εDCBAEFGH
(
ψ¯m
Eλ[FGH]
)
. (95)
We are now ready to explicite supergravity transformations of the component fields.
4.2 Supersymmetry transformations
Recall that in the superspace description supersymmetry transformations are supergravity
transformations with only spinorial non–zero parameters
ξA = (0, ξαA , ξ¯
A
α˙ , 0) . (96)
Therefore, using the general expressions (77), (78) as well as the expressions of torsion
components and spinorial derivatives of the basic fields summed up in appendix B, we have
the following component transformation laws.
16
For the graviton, gravitini and graviphotons we have
δWZξ em
a = i
(
ξAσ
aψ¯m
A + ξ¯Aσ¯aψmA
)
, (97)
1
2
δWZξ ψm
α
A = Dmξ
α
A −
1
2
(ξ¯Cψ¯m
B)λ[CBA]
α
+4i(ξ¯Cσ¯n)αFˆ+nm[CA] +
2iη
(4!)2
εACF1...F6(ξ¯
Cλ[F1F2F3])(λ[F4F5F6]σ¯m)
α
−
i
16
(ξFσmσ¯n)
α (λ[ACB]σ
nλ[FCB]) +
i
48
(ξAσmn)
α (λ[FCB]σ
nλ[FCB]) , (98)
1
2
δWZξ ψ¯m
A
α˙ = Dmξ¯
A
α˙ −
1
2
(ξCψmB)λ
[CBA]
α˙
+4i(ξCσ
n)α˙Fˆ
−
nm
[CA] +
2iη¯
(4!)2
εACF1...F6(ξCλ[F1F2F3])(λ[F4F5F6]σm)α˙
+
i
16
(ξ¯Fσ¯mσn)α˙ (λ[FCB]σ
nλ[ACB])−
i
48
(ξ¯Aσ¯mn)α˙ (λ[FCB]σ
nλ[FCB]) , (99)
δWZξ vm
u = −
1
2
[
(ξBψmA) +
i
4
(ξ¯Cσ¯mλ[CBA])
]
T [BA]u
−
1
2
[
(ξ¯Bψ¯m
A) +
i
4
(ξCσmλ
[CBA])
]
T[BA]
u . (100)
Using the spinorial derivatives (162)–(165) of the gravigini superfields we obtain for the
helicity 1/2 fields the transformation law
δWZξ λ[CBA]
α = 4δDEFCBA(ξDσ
mn)αFˆ+mn[EF] + 4i(ξ¯
Dσ¯m)αΩˆm[DCBA]
−
η¯
4!
εCBAE1...E5ξ
α
D (λ
[DE1E2]λ[E3E4E5]) , (101)
δWZξ λ
[CBA]
α˙ = 4δ
CBA
DEF (ξ¯
Dσ¯mn)α˙Fˆ
−
mn
[EF] + 4i(ξDσ
m)α˙Ωˆm
[DCBA]
−
η
4!
εCBAE1...E5 ξ¯Dα˙ (λ[DE1E2]λ[E3E4E5]) . (102)
As for the supersymmetry transformations of the scalar fields, one obtains
δWZξ T = LξT = (ıξΩ)T , (103)
that is, just a rotation by a matrix Σ, which is an element of the orthogonal complement
of the Lie algebra su(8) in the Lie algebra of E7(+7),
δWZξ T = Σ T , with Σ = ıξΩ =
(
0 Σ[DCBA]
Σ[DCBA] 0
)
, (104)
or in matrix components,
δWZξ T
[DC]u = Σ[DCBA]T[BA]
u , δWZξ T[DC]
u = Σ[DCBA]T
[BA]u . (105)
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Here, of course, the objects Σ[DCBA] and Σ[DCBA] are related by the duality relation (66) and
they are computed using the component expressions (61) and (62) of ΩAα and Ω
α˙
A:
Σ[DCBA] = −2
[
η
4!
εDCBAEFGH
(
ξEλ[FGH]
)
+
(
ξ¯[Dλ[CBA]]
)]
, (106)
Σ[DCBA] = −2
[(
ξ[Dλ[CBA]]
)
+
η¯
4!
εDCBAEFGH
(
ξ¯Eλ[FGH]
)]
. (107)
Finally, we can also notice, that as pointed out on the component level in the article
[4], the supersymmetry transformations of the SU(8) connection, which is a function of the
scalar fields and their derivatives (72), can also be given in a simple way using the above
defined field–dependent parameters Σ. Indeed, using the expression (75) of the SU(8)
curvature, we have
δWZξ Φ
B
A = ıξR
B
A =
1
3
[
Σ[BEFG]Ω[AEFG] − Σ[AEFG]Ω
[BEFG]
]
, (108)
while on the component level,
δWZξ Φm
B
A =
1
3
[
Σ[BEFG]Ωm[AEFG] − Σ[AEFG]Ωm
[BEFG]
]
. (109)
These transformation laws are in perfect concordance with those found at the component
level in [4] (we prefer to make reference to this work, because the transformation laws given
there contain all the non–linear terms even in the spinor fields, which are not given explicitly
in the original works like [3]).
4.3 Central charge transformations
In the geometrical description central charge transformations are just supergravity trans-
formations in the direction of central charge coordinates, that is, with parameters
ζA = (0, 0, 0, ζu) . (110)
Therefore, we can use the general formulas (77) and (78) with these parameters in order
to give these transformations. However, as a consequence of the constraint TzB
A = 0
as well as of the fact that the central charge derivative of all torsion components vanish,
DzTCB
A = 0, all component fields but the graviphotons transform trivially under central
charge transformations.
The transformation of the graviphotons is simply
δWZζ vm
u = Dmζ
u , (111)
since they are the gauge fields corresponding the central charge transformations.
Also, it was noticed in [4], that a gauge transformation with a scalar–dependent pa-
rameter appears in the commutator of two supersymmetry transformations. This feature
appears naturally in our approach, since one handles with central charge transformations
which are present in the algebra of supergravity transformations with a parameter which
depends on the 0 dimensional torsion components, where the scalars were identified. In
order to see this in detail, recall that the commutator of two supergravity transformations
acting on the frame is [
δWZξ , δ
WZ
η
]
EA = δWZ[ξ,η]E
A − EBıξıηRB
A , (112)
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with
[ξ, η]A = ξBηCTCB
A + ξB(DBη
A)− ηB(DBξ
A). (113)
Then choosing for instance the only non–zero parameters ξαA and η
α
A , the commutator on
a graviphoton becomes
[
δWZξ , δ
WZ
η
]
vm
u = Dm
(
(ξBηA) T
[BA]u
)
−
i
8
(ξBηA) (λ
[BAF]σ¯mλ[FDC])T
[DC]u
−
1
2
(ξBηA) (λ
[BAD]ψ¯m
C)T[DC]
u , (114)
and indeed, it contains a central charge transformation (111) with parameter (ξBηA)T
[BA]u
depending on scalars as well as a supersymmetry transformation (100) with parameter
(ξBηA)λ
[BAF]
α˙ depending on the helicity 1/2 fields.
5 The equations of motion
The problem of the derivation of field equations of motion without the knowledge of a La-
grangian, using considerations on representations of the symmetry group, was considered
for a long time [26], [27]. The question is particularly interesting for supersymmetric theo-
ries and for this case various approaches have been developed. Here we use the techniques
of superspace geometry introduced by Wess and Zumino, which consist in looking to conse-
quences of covariant constraints corresponding to on–shell field content of a representation
of the supersymmetry algebra.
Indeed, the next and last step in the geometric description of the N = 8 on–shell
supergravity theory is to deduce the equations of motion implied by the constraints we
used to identify the multiplet in the geometry, and compare them with those found from
the Lagrangian given in the original works in the component formalism [3], [4].
The method of deducing the equations of motion for N ≥ 3 extended supergravity is
similar to the case of theN = 1 Yang–Mills theory in the sense that the gravigino superfields
T[CBA]α, T
[CBA]α˙ play an analogous roˆle to the gaugino superfields and all equations of motion
but those for the graviton and gravitini are contained in their higher superfield components
[21]. Therefore, these equations of motion are found by successively acting with spinorial
derivatives on the spinorial derivatives of the gravigini superfields. This is the approach
which was adopted in previous superspace descriptions of the N = 8 supergravity in order
to derive the free equations of motion from the geometry [9], [8] (see also references [22]
and [28]). Alternatively, one could also just pick out certain Bianchi identities, which give
the equations of motion for the component fields. This strategy to obtain equations of
motion is outlined in the article [7]. For the purpose of putting in evidence free equations
of motion of component fields it is sufficient to consider only the linearized version and the
calculations are simple. However, one has to consider the full theory if one wants to obtain
all the non–linear terms which arise in equations of motion derived from a Lagrangian in
component formalism.
To begin with let us explain in detail how one can derive the equations of motion for
the gravigini. First, recall that the spinorial derivatives of the gravigino superfields T[CBA]α
(see appendix B) have for instance the properties
DDαT[CBA]α =
η¯
12
εCBAIJKLM
(
T [DIJ]T [KLM]
)
, (115)
∑
DC
Dδ˙DT[CBA]α = 0 . (116)
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In order to get the Dirac equation of the 1/2 helicity field, one can just act on the last
relation by the spinorial derivative DEε obtaining∑
DC
({
DEε ,D
δ˙
D
}
T[CBA]α −D
δ˙
D
(
DEεT[CBA]α
))
= 0, (117)
and take the antisymmetric part of this relation in the indices ε and α. Then, using the
algebra of covariant derivatives as well as equation (115) and again the expressions of the
spinorial derivatives of the gravigini superfields one obtains
Dαα˙T[CBA]α =
iη¯
3
εCBAEFGHIF
−
ba
[EF](σ¯baT [GHI])α˙
+
i
16
(T[CBA]T[EFG])T
[EFG]α˙ −
i
8
∮
CBA
(T[CEF]T[BAG])T
[EFG]α˙ . (118)
Alternatively, it is worthwhile to observe that this equation of motion can also be deduced
from the Bianchi identity
(
δ˙
Dc
β˙
B
α
A
)
T
of dimension 3/2 using the expressions of torsion com-
ponents and of spinorial derivatives (see appendix B) of lower canonical dimension.
The conjugate Dirac equation can be obtained in an analogous way:
Dαα˙T
[CBA]α˙ =
iη
3
εCBAEFGHIF+ba[EF](σ
baT[GHI])α
+
i
16
(T [CBA]T [EFG])T[EFG]α −
i
8
∮
CBA
(T [CEF]T [BAG])T[EFG]α . (119)
Moreover, the equations of motion for the graviphotons and those of the scalars can be
deduced by further acting with covariant spinorial derivatives on the equations of motion
(118) and (119) of the gravigini fields as follows.
On the one hand the trace part in the SU(8) indices of the spinorial derivative DDδ of the
Dirac equation (118) gives the equations of motion for the self–dual field strength F+ba[BA]
of the graviphotons,
DfF
+fa
[BA] = −Df
[
η¯
2(4!)2
εBAF1...F6
(
T [F1F2F3]σ¯faT [F4F5F6]
)]
+Ωf [BAIJ]
[
F−fa[IJ] +
η
2(4!)2
εIJF1...F6
(
T[F1F2F3]σ
faT[F4F5F6]
)]
−
1
4(4!)
(
T[FBA]σ
f σ¯aT[IJK]
)
Ωf
[FIJK] +
i
16
(
T[FBA]σ
fgσaT [FIJ]
)
F+fg [IJ]
+
iη¯
2(4!)3
εIJKLMEFG
(
T [DLM]T [EFG]
)(
T[DBA]σ
aT [IJK]
)
, (120)
while the conjugate field equations for F−ba[BA] can be obtained in an analogous way,
DfF
−fa[BA] = −Df
[
η
2(4!)2
εBAF1...F6
(
T[F1F2F3]σ
faT[F4F5F6]
)]
+Ωf
[BAIJ]
[
F+fa[IJ] +
η¯
2(4!)2
εIJF1...F6
(
T [F1F2F3]σ¯faT [F4F5F6]
)]
−
1
4(4!)
(
T [FBA]σ¯fσaT [IJK]
)
Ωf [FIJK] +
i
16
(
T [FBA]σ¯fgσ¯aT[FIJ]
)
F−fg
[IJ]
+
iη
2(4!)3
εIJKLMEFG
(
T[DLM]T[EFG]
) (
T [DBA]σ¯aT[IJK]
)
. (121)
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Due to the self–duality properties of these field strengths, these equations of motion are
related to their Bianchi identities as follows
i
2
εfacbDfF
+
cb[BA] = DfF
+fa
[BA] ,
i
2
εfacbDfF
−
cb
[BA] = −DfF
−fa[BA] . (122)
Again, it is worthwhile to notice that the Bianchi identities of the graviphotons can be found
directly among the super Bianchi identities, namely they are the identities (dcb
u)T . As a
matter of fact the form given here can be recovered from the Bianchi identity (dcb
u)T after
converting the central charge index into SU(8) ones by multiplying by the scalar matrices
Su
[BA] and Su[BA], as well as using the equations of motion for the gravitini fields presented
below in equations (126) and (127).
On the other hand, take the spinorial derivative Dδ˙D of the same Dirac equation (118)
and after commuting on the left–hand–side this derivative with that of the space–time one,
take the totally antisymmetric part in the SU(8) indices. Now, the antisymmetric part in
the spinorial indices δ˙ and α˙ gives the equations of motion for the scalars written for the
field strength component Ωf [DCBA]
DfΩf [DCBA] = −2δ
E1...E4
DCBA F
+ba
[E1E2]F
+
ba[E3E4] − 2η¯εDCBAE1...E4F
−ba[E1E2]F−ba
[E3E4]
+
i
2(3!)(4!)
δE1...E4DCBA Ωf [E1E2E3E4]
(
T[F1F2F3]σ
fT [F1F2F3]
)
−
i
2(4!)
δE1...E4DCBA Ωf [E1E2E3F1]
(
T[E4F2F3]σ
fT [F1F2F3]
)
−
i
32
δE1...E4DCBA Ωf [E1E2F1F2]
(
T[E3E4F3]σ
fT [F1F2F3]
)
+
i
2(3!)2
δE1...E4DCBA Ωf [E1F1F2F3]
(
T[E2E3E4]σ
fT [F1F2F3]
)
+
5η
2(3!)(4!)3
δE1...E4DCBA ε
F1...F8
(
T[E1E2E3]T[F1F2F3]
) (
T[E4F4F5]T[F6F7F8]
)
−
η
256(4!)
δE1...E4DCBA ε
F1...F8
(
T[E1E2F1]T[E3F2F3]
) (
T[E4F4F5]T[F6F7F8]
)
+
5η¯2
2(3!)(4!)3
εDCBAE1...E4εF1...F8
(
T [E1E2E3]T [F1F2F3]
) (
T [E4F4F5]T [F6F7F8]
)
−
η¯2
256(4!)
εDCBAE1...E4εF1...F8
(
T [E1E2F1]T [E3F2F3]
) (
T [E4F4F5]T [F6F7F8]
)
.(123)
The equations of motion for the field strength component Ωf
[DCBA],
DfΩf
[DCBA] = −2δDCBAE1...E4F
−ba[E1E2]F−ba
[E3E4] − 2ηεDCBAE1...E4F+ba[E1E2]F
+
ba[E3E4]
−
i
2(3!)(4!)
δDCBAE1...E4Ωf
[E1E2E3E4]
(
T[F1F2F3]σ
fT [F1F2F3]
)
+
i
2(4!)
δDCBAE1...E4Ωf
[E1E2E3F1]
(
T[F1F2F3]σ
fT [E4F2F3]
)
+
i
32
δDCBAE1...E4Ωf
[E1E2F1F2]
(
T[F1F2F3]σ
fT [E3E4F3]
)
−
i
2(3!)2
δDCBAE1...E4Ωf
[E1F1F2F3]
(
T[F1F2F3]σ
fT [E2E3E4]
)
+
5η¯
2(3!)(4!)3
δDCBAE1...E4εF1...F8
(
T [E1E2E3]T [F1F2F3]
) (
T [E4F4F5]T [F6F7F8]
)
−
η¯
256(4!)
δDCBAE1...E4εF1...F8
(
T [E1E2F1]T [E3F2F3]
) (
T [E4F4F5]T [F6F7F8]
)
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+
5η2
2(3!)(4!)3
εDCBAE1...E4εF1...F8
(
T[E1E2E3]T[F1F2F3]
) (
T[E4F4F5]T[F6F7F8]
)
−
η2
256(4!)
εDCBAE1...E4εF1...F8
(
T[E1E2F1]T[E3F2F3]
) (
T[E4F4F5]T[F6F7F8]
)
,(124)
can be calculated in an analogous way from the Dirac equation (119) and one can check
that of course, the two equations are related by η-duality relations.
The symmetric part in the indices δ˙ and α˙ is the anti–self–dual part of the Bianchi
identity for the scalars,
DdΩ
[DCBA]
c −DcΩ
[DCBA]
d = −32
[(
Tdc
[DT [CBA]]
)
+
η
4!
ǫDCBAFIJK
(
TdcFT[IJK]
)]
, (125)
which can be deduced also from the off–diagonal part of the superspace Bianchi identities
(70) of the one–form Ω.
Unlike the equations of motion presented above, in Poincare´ supergravity the equations
of motion for the gravitini and graviton cannot be obtained by acting again by spinorial
derivatives on the equations of motion obtained so far. One could obtain this way only the
Bianchi identities for these fields (which can be obtained also in a much direct way: the
Bianchi identities of the gravitini are exactly the superspace Bianchi identities (dcb
α
A)T and
(dcb
A
α˙)T , since the Bianchi identity for the graviton is just the dcb component of the second
Bianchi identity (5) written for the Lorentz curvature). The equations of motion for the
gravitini and of the graviton are directly given by the superspace Bianchi identities.
For example, the Bianchi identities
(
D
δ c
B
β
α
A
)
T
and
(
δ˙
Dc
β˙
B
A
α˙
)
T
give the irreducible compo-
nents T(βα)
α
A and T
(β˙α˙)α
A of the gravitini field strength Tba
α
A and respectively the irreducible
components T(βα)
A
α˙ and T
(β˙α˙)A
α˙ of the gravitini field strength Tba
A
α˙ as a non–linear function
of basic superfields. It turns out that the knowledge of these parts is sufficient to write
down the equations of motion of the gravitini fields:
εdcba(σ¯cTbaA)
α˙ =
1
3!
(σ¯aσdT [DCB])α˙Ωa[DCBA] + i(σ¯
baσ¯dT[CBA])
α˙F−ba
[CB]
−
iη
3(4!)2
εF1...F8(T[AF1F2]T[F3F4F5])(σ¯
dT[F6F7F8])
α˙ , (126)
εdcba(σcTba
A)α = −
1
3!
(σaσ¯dT[DCB])αΩa
[DCBA] − i(σbaσdT [CBA])αF
+
ba[CB]
+
iη
3(4!)2
εF1...F8(T
[AF1F2]T [F3F4F5])(σdT [F6F7F8])α . (127)
Finally, in order to give the equations of motion for the graviton we need the expression
of the supercovariant Ricci tensor, Rdb = Rdcbaη
ca, which is given (149) by the superspace
Bianchi identities at canonical dimension 2. The corresponding Ricci scalar, R = Rdbη
db, is
then also determined (150) and using the equations of motion for the spinor fields we find
that the Einstein equation takes the form
Rdb −
1
2
ηdbR = −
1
3!
[
Ωd
[IJKL]Ωb[IJKL] −
1
2
ηdbΩ
f [IJKL]Ωf [IJKL]
]
− 32F+(d
f
[IJ]F
−
b)f
[IJ]
−
i
4!
[(
T[IJK]σ(dDb)T
[IJK]
)
+
(
T [IJK]σ¯(dDb)T[IJK]
)]
+
η
3!4!
εG1...G8
[
F+(d
f
[G1G2]
(
T[G3G4G5]σb)fT[G6G7G8]
)
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−
5
4
ηdbF
+ef
[G1G2]
(
T[G3G4G5]σefT[G6G7G8]
)]
+
η¯
3!4!
εG1...G8
[
F−(d
f [G1G2]
(
T [G3G4G5]σ¯b)fT
[G6G7G8]
)
−
5
4
ηdbF
−ef [G1G2]
(
T[G3G4G5]σ¯efT
[G6G7G8]
)]
+
1
64(4!)2
δG1H1
...
...
G6
H6
(
T[G1G2G3]σdT
[H1H2H3]
)(
T[G4G5G6]σbT
[H4H5H6]
)
−
1
32(4!)2
ηdbδ
G1
H1
...
...
G5
H5
(
T[FG1G2]T[G3G4G5]
) (
T [FH1H2]T [H3H4H5]
)
+
1
4(4!)2
[(
T[IJK]σdT
[IJK]
) (
T[LMN]σbT
[LMN]
)
−9
(
T[GIJ]σdT
[FIJ]
) (
T[FKL]σbT
[GKL]
)]
−
1
(4!)2
ηdb
(
T[IJK]T[LMN]
) [(
T [IJK]T [LMN]
)
+
27
4
(
T [IJL]T [KMN]
)]
,(128)
where one may recognize in the first two lines of the right–hand–side the usual terms of the
energy–momentum tensor corresponding to matter fields: scalar fields, photon fields and
spinor fields respectively. The contribution of the gravitini is hidden in the left–hand–side,
in the component development [21] of Rdb.
The Einstein equation completes the ensemble of the equations of motion for the com-
ponent fields. Fortunately, in the article [4], which contains a detailed list of the results
obtained in the component formulation, most of the equations of motion are given in terms
of super–covariant quantities, given in paragraph 4.1 as functions of the component fields.
As a consequence, it is easy to compare the equations of motion deduced in this para-
graph from the geometry with the component results of [4], and see that there is a perfect
concordance between them.
6 Conclusion
We have presented here a new approach to the superspace formulation of N = 8 super-
gravity, using central charge superspace. The presence of the central charge coordinates
is essential in the formulation. It permits to identify the gauge vectors of the theory in
the super–vielbein on the same footing with the graviton and gravitini, and also, it allows
to identify the scalars directly, as lowest canonical dimension torsion components. In ad-
dition, we recover the well–known essential properties of the multiplet as consequences of
the geometric structure: we deduce the self–duality properties of the vectors as well as the
E7(+7)/SU(8) non–linear σ model structure for the scalars using straightforward superspace
techniques in central charge superspace.
It is worthwhile to note here that there exists a formal correspondence between the
formulation in central charge superspace presented here and the geometric formulation in
superspace extended by 56 bosonic coordinates [8] presented in detail by Howe [10]. The
correspondence, described in more detail in [19], is based on a simple redefinition of the
frame of the type
E˜ = EX , with X =
(
δ
A
B
0
0 S
)
, (129)
that is, on a rotation by the scalars S in the central charge sector6. However, the difference
6Underlined indices denote the ordinary superspace sector A = (a, Aα ,
α˙
A).
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between the two approaches is conceptual in the sense that in Howe’s approach the trans-
lation generators in the extra bosonic coordinates are not ”genuine” central charges, they
transform under SU(8). Indeed, the frame (129) in the extra bosonic sector (E˜[BA], E˜
[BA])
and thus also the translation generators in the direction of the extra bosonic coordinates
carry SU(8) representation indices.
The identification of the N = 8 supergravity in the geometry of central charge super-
space described here is complete, since we also presented in detail the deduction from the
geometry of both the supergravity transformation laws and the equations of motion for the
component fields. Our results obtained from the geometric formulation are in perfect accord
with the results in terms of super–covariant quantities obtained in component formulation
given in the article [4].
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A Totally antisymmetric U(N) tensors and deltas
In this appendix we collect some useful relations concerning totally antisymmetric tensors
and deltas in U(N) indices.
δAB being the Kronecker symbol, we can define the objects with antisymmetric indices
δA1A2B1B2 = δ
A1
B1
δA2B2 − δ
A2
B1
δA1B2
δA1A2A3B1B2B3 = δ
A1
B1
δA2A3B2B3 + δ
A2
B1
δA3A1B2B3 + δ
A3
B1
δA1A2B2B3 , etc.
In general, for k antisymmetric indices we define the corresponding objects by recursion
δA1...AkB1...Bk =
k∑
i=1
(−1)(k−1)(i+1)δAiB1δ
Ai+1...AkA1...Ai−1
B2 ... Bk
=
k∑
i=1
(−1)(k−1)(i+1)δA1Bi δ
A2 ... Ak
Bi+1...BkB1...Bi−1
(130)
and call them ”generalized deltas”. These generalized deltas have the property
δA1...AkB1...Bk X
[B1...Bk] = k! X [A1...Ak] , ∀X [A1...Ak] , (131)
δB1...BkA1...Ak X[B1...Bk] = k! X[A1...Ak] , ∀X[A1...Ak ] , (132)
thus, the operator 1
k!δ
A1...Ak
B1...Bk acts as the unit operator in the space of tensors which are
antisymmetric in k indices. If we contract an upper index with a lower one in a generalized
delta we have
δA1A2...AkA1B2...Bk = (N − k + 1)δ
A2...Ak
B2...Bk
, (133)
as for the contraction of l indices, this implies
δ
A1...AlAl+1...Ak
A1...AlBl+1...Bk = (N − k + 1)(N − k + 2)...(N − k + l)δ
Al+1...Ak
Bl+1...Bk . (134)
Let εA1A2...AN be the totally antisymmetric tensor. Choosing ε1...N = 1 and ε1...N = 1
we have the relation
εA1...AN εB1...BN = δ
A1...AN
B1...BN
. (135)
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Then, if we contract k indices on a product of two totally antisymmetric tensors ε, we
obtain as consequence of (135) and of the property (134)
εA1...AkAk+1...AN εA1...AkBk+1...BN = k! δ
Ak+1...AN
Bk+1...BN (136)
Finally, since the property (132) is valid also for ε, we have
δA1...AkB1...Bk ε
B1...BkAk+1...AN = k! εA1...AkAk+1...AN . (137)
B Solution of the Bianchi identities
In this appendix we give the solution of the Bianchi identities, which is compatible with
the constraints presented in section 3 and corresponds to the N = 8 supergravity in central
charge superspace. This means that all torsion and curvature components are expressed as
polynomial functions of the scalar superfields T [CB]u and T[CB]
u (or their super–covariant
field strength Ωa), the gravigini superfields T[CBA]α and T
[CBA]α˙, the gravitini Weyl tensors
Σ(γβα)A and Σ
(γ˙β˙α˙)A, the usual Weyl tensors V(δγβα) and V(δγβα), as well as the super–
covariant field strength of the graviphotons, identified in the torsion component Tcb
u, de-
noted also Fcb
u. Actually, as we already have seen in section 3.4, the dynamical parts of
this field strengths of graviphotons are only the fields F+cb[BA] and F
−
cb
[BA], which are subject
to the self–duality relations (51), and only these parts appear in torsion and curvature com-
ponents. Moreover, the spinorial derivatives of these basic superfields are also expressed as
polynomial functions of themselves.
In this appendix we will give all non–vanishing torsion and curvature components as
well as the spinorial covariant derivatives of the basic superfields listed above.
Non–vanishing torsion components
The list of the non–vanishing torsion components is the following:
TCγ
β˙
B
a = −2iδCB(σ
aǫ)γ
β˙ , TCγ
B
β
u = ǫγβT
[CB]u , T γ˙C
β˙
B
u = ǫγ˙β˙T [CB]
u , (138)
TCγ
B
β
A
α˙ = ǫβγT
[CBA]
α˙, T
γ˙
C
β˙
B
α
A = ǫβ˙γ˙T[CBA]
α ,
TCγ b
u = − i8(σbT
[CIJ])γT[IJ]
u , T γ˙C b
u = − i8(σ¯bT[CIJ])
γ˙T [IJ]u ,
TCγ b
A
α˙ = 4i(σ
f )γα˙Ffb
[CA] , T γ˙C b
α
A = 4i(σ¯
f )γ˙αFfb[CA] ,
TCγ b
α
A = −δ
α
γ T
C
b A − 2(σbf )γ
αUfCA , T
γ˙
C b
A
α˙ = δ
γ˙
α˙T
A
b C + 2(σ¯bf )
γ˙
α˙U
fA
C ,
(139)
TcbAα = −(ǫσcb)
γβΣ(γβα)A +
i
18
(δfgcb −
i
2
εcb
fg)Ωf [ABCD](σgT
[BCD])α
+F−cb
[CB]T[CBA]α −
η
4!(3!)3
εF1...F6CB(σcbT[F1F2F3])α(T[F4F5F6]T[CBA]) , (140)
Tcb
Aα˙ = −(ǫσ¯cb)γ˙β˙Σ
(γ˙β˙α˙)A +
i
18
(δfgcb +
i
2
εcb
fg)Ωf
[ABCD](σ¯gT[BCD])
α˙
+F+cb[CB]T
[CBA]α˙ −
η¯
4!(3!)3
εF1...F6CB(σ¯cbT
[F1F2F3])α˙(T [F4F5F6]T [CBA]) , (141)
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where the superfields Tb
B
A and Ub
B
A are quadratic terms in the spinor superfields
Tb
B
A = −
i
16
T[AIJ]σbT
[BIJ] , Ub
B
A =
i
16
(
T[AIJ]σbT
[BIJ] −
1
6
δBAT[IJK]σbT
[IJK]
)
, (142)
while for the field strength components Fba[BA] and Fba
[BA] we have
Fba[BA] = F
+
ba[BA] −
η
2(4!)2
εBAF1...F6T
[F1F2F3]σ¯baT
[F4F5F6] , (143)
Fba
[BA] = F−ba
[BA] −
η¯
2(4!)2
εBAF1...F6T[F1F2F3]σbaT[F4F5F6] . (144)
Curvature components
Let us begin with giving the list of Lorentz curvature components:
RDδ
C
γ ba = −16ǫδγFba
[DC] , Rδ˙D
γ˙
Cba = −16ǫ
δ˙γ˙Fba[DC] , R
D
δ
γ˙
Cba = 4εbadc(σ
dǫ)δ
γ˙U cDC . (145)
RDδ cba = i (σcTba
D − σaTcb
D − σbTac
D)δ , (146)
Rδ˙Dcba = i (σ¯cTbaD − σ¯aTcbD − σ¯bTacD)
δ˙ , (147)
Rdcba = (ǫσdc)
δγ(ǫσba)
βαV(δγβα) + (ǫσ¯dc)δ˙γ˙(ǫσ¯ba)β˙α˙V
(δ˙γ˙β˙α˙)
+
1
2
(ηdbRca − ηdaRcb + ηcaRdb − ηcbRda)−
1
6
(ηdbηca − ηdaηcb)R (148)
with the supercovariant Ricci tensor, Rdb = Rdcbaη
ca, given by
Rdb = −
1
3!
Ωd
[IJKL]Ωb[IJKL] − 32F
+
(d
f
[IJ]F
−
b)f
[IJ]
+
η
3!4!
εG1...G8
[
F+(d
f
[G1G2]
(
T[G3G4G5]σb)fT[G6G7G8]
)
+
1
4
ηdbF
+ef
[G1G2]
(
T[G3G4G5]σefT[G6G7G8]
)]
+
η¯
3!4!
εG1...G8
[
F−(d
f [G1G2]
(
T [G3G4G5]σ¯b)fT
[G6G7G8]
)
+
1
4
ηdbF
−ef [G1G2]
(
T[G3G4G5]σ¯efT
[G6G7G8]
)]
−
i
4!
[(
T[IJK]σ(dDb)T
[IJK]
)
−
1
4
ηdb
(
T[IJK]σ
fDfT
[IJK]
)
+
(
T [IJK]σ¯(dDb)T[IJK]
)
−
1
4
ηdb
(
T [IJK]σ¯fDfT[IJK]
)]
+
1
64(4!)2
δG1H1
...
...
G6
H6
(
T[G1G2G3]σdT
[H1H2H3]
) (
T[G4G5G6]σbT
[H4H5H6]
)
+
1
32(4!)2
ηdbδ
G1
H1
...
...
G5
H5
(
T[FG1G2]T[G3G4G5]
) (
T [FH1H2]T [H3H4H5]
)
+
1
4(4!)2
[(
T[IJK]σdT
[IJK]
) (
T[LMN]σbT
[LMN]
)
−9
(
T[GIJ]σdT
[FIJ]
) (
T[FLM]σbT
[GLM]
)]
+
1
2(4!)2
ηdb
(
T[IJK]T[LMN]
) [(
T [IJK]T [LMN]
)
− 9
(
T [IJL]T [KMN]
)]
(149)
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and the corresponding Ricci scalar, R = Rdbη
db, which is then
R = −
1
3!
Ωf [IJKL]Ωf [IJKL]
+
1
3(4!)
ηεG1...G8F+ca[G1G2]
(
T[G3G4G5]σ
caT[G6G7G8]
)
+
1
3(4!)
η¯εG1...G8F
−
ca
[G1G2]
(
T [G3G4G5]σ¯caT [G6G7G8]
)
+
1
8(4!)2
δG1H1
...
...
G5
H5
(
T[FG1G2]T[G3G4G5]
) (
T [FH1H2]T [H3H4H5]
)
+
1
16(4!)
(
T[IJK]T[LMN]
) [(
T [IJK]T [LMN]
)
− 9
(
T [IJL]T [KMN]
)]
. (150)
The SU(8) curvature components are the following:
RDδ
C
γ
B
A =
η
4!
ǫδγε
DCBEFIJK(T[AEF]T[IJK])−
η
(3!)2
δ
(D
A ε
C)BF1...F6T[F1F2F3]δT[F4F5F6]γ , (151)
Rδ˙D
γ˙
C
B
A = −
η¯
4!
ǫδ˙γ˙εDCBEFIJK(T
[AEF]T [IJK]) +
η¯
(3!)2
δB(DεC)AF1...F6T
[F1F2F3]δ˙T [F4F5F6]γ˙ ,(152)
RDδ
γ˙
C
B
A = 2i(δ
D
CT
B
δ
γ˙
A − δ
B
AU
D
δ
γ˙
C − δ
D
CU
B
δ
γ˙
A) + 4i(δ
D
AU
B
δ
γ˙
C + δ
B
CU
D
δ
γ˙
A)− T
[DBF]γ˙T[CAF]δ .(153)
RDδ c
B
A =
1
18
(
δDA
I
E
J
F
K
GΩc
[BEFG] − 3δBAΩc
[DIJK]
)
T[IJK]δ , (154)
Rδ˙Dc
B
A = −
1
18
(
δBD
E
I
F
J
G
KΩc[AEFG] − 3δ
B
AΩc[DIJK]
)
T [IJK]δ˙ . (155)
Rdc
B
A =
1
3
(
Ωd
[BIJK]Ωc[AIJK] − Ωc
[BIJK]Ωd[AIJK]
)
. (156)
Spinorial derivatives
The expression of the spinorial derivatives of the basic superfields are obtained in general
using the results of the Bianchi identities as well as the algebra of covariant derivatives and
they are called also constituency equations. Let us sum up them here.
Spinorial derivatives of the scalars:
DFϕT
[DC]u = −
η
2(3!)
εFDCIJKLMT[KLM]ϕT[IJ]
u (157)
D
ϕ˙
FT
[DC]u = −
1
2(3!)
δDF
C
K
I
L
J
MT
[KLM]ϕ˙T[IJ]
u (158)
DFϕ˙T[DC]
u = −
1
2(3!)
δFD
K
C
L
I
M
J T[KLM]ϕT
[IJ]u (159)
D
ϕ˙
FT[DC]
u = −
η¯
2(3!)
εFDCIJKLMT
[KLM]ϕ˙T[IJ]u (160)
Notice, that the spinorial derivatives of the scalars T are contained by definition in the
spinorial components of the one–form Ω = (DT )S. Therefore, the above expressions are
equivalent to the relations
DFϕT = Ω
F
ϕT , D
ϕ˙
FT = Ω
ϕ˙
FT , (161)
with ΩFϕ and Ω
ϕ˙
F given by the equations (61) and (62).
27
Spinorial derivatives of the gravigini superfields:
DFϕT[CBA]α = −4δ
F
C
I
B
J
A(σ
baǫ)ϕαF
+
ba[IJ] +
η¯
4!
ǫϕαεCBAIJKLM
(
T [FIJ]T [KLM]
)
(162)
D
ϕ˙
FT[CBA]α = −4i(σ¯
f ǫ)ϕ˙αΩf [FCBA] (163)
DFϕT
[CBA]α˙ = −4i(σf ǫ)ϕ
α˙Ωf
[FCBA] (164)
D
ϕ˙
FT
[CBA]α˙ = −4δCF
B
I
A
J (σ¯
baǫ)ϕ˙α˙F−ba
[IJ] +
η
4!
ǫϕ˙α˙εCBAIJKLM
(
T[FIJ]T[KLM]
)
(165)
Spinorial derivatives of Ωa, the field strength of the scalars:
DFϕΩ
[DCBA]
e = −
η
12
εFDCBAIJKDeT[IJK]ϕ +
i
3
δDE
C
I
B
J
A
K
(
σfT [IJK]
)
ϕ
Ffe
[FE]
−
η
12
εEDCBAIJK
[
T[IJK]ϕT
F
e E + 2
(
σefT[IJK]
)
ϕ
UfFE
]
(166)
D
ϕ˙
FΩ
[DCBA]
e = −
1
12
δDF
C
I
B
J
A
KDeT
[IJK]ϕ˙ +
iη
3
εEDCBAIJK
(
σ¯fT[IJK]
)ϕ˙
Ffe[FE]
+
1
12
δDE
C
I
B
J
A
K
[
T [IJK]ϕ˙T Ee F + 2
(
σ¯efT
[IJK]
)ϕ˙
UfEF
]
(167)
DFϕΩe[DCBA] = −
1
12
δFD
I
C
J
B
K
ADeT[IJK]ϕ +
iη
3
εEDCBAIJK
(
σfT [IJK]
)
ϕ
Ffe
[FE]
−
1
12
δED
I
C
J
B
K
A
[
T[IJK]ϕT
F
e E + 2
(
σefT[IJK]
)
ϕ
UfFE
]
(168)
D
ϕ˙
FΩe[DCBA] = −
η¯
12
εFDCBAIJKDeT
[IJK]ϕ˙ +
i
3
δED
I
C
J
B
K
A
(
σ¯fT[IJK]
)ϕ˙
Ffe[FE]
+
η¯
12
εEDCBAIJK
[
T [IJK]ϕ˙T Ee F + 2
(
σ¯efT
[IJK]
)ϕ˙
UfEF
]
(169)
Spinorial derivatives of the self–dual and anti–self–dual super–covariant field strength:
DFϕF
−
ba
[BA] =
i
8
(σf σ¯ba)ϕα˙
[
DfT
[FBA]α˙ + 2T [GBA]α˙Uf
F
G +
∮
FBA
T [GBA]α˙(T − U)f
F
G
]
(170)
D
ϕ˙
FF
−
ba
[BA] = (ǫσ¯ba)β˙α˙δ
[B
F Σ
(ϕ˙β˙α˙)A] −
i
8
[
Ωf
[BAIJ]δKF +
1
9
δBF
A
GΩf
[GIJK]
] (
σ¯baσ¯
fT[IJK]
)ϕ˙
+
η¯
3!(4!)2
εFEIJKLMN
[(
T [IJK]σ¯baT
[LMN]
)
T [EBA]ϕ˙ − 2
(
T [IJK]σ¯baT
[EBA]
)
T [LMN]ϕ˙
]
+
η¯
4(4!)2
[
1
9
δBAFNδ
DC
KL + δ
BA
KLδ
DC
FN
]
εDCMIJF1F2F3(T
[NLM]T [F1F2F3])(σ¯baT
[IJK])ϕ˙ (171)
DFϕF
+
ba[BA] = (ǫσba)
βαδF[BΣ(ϕβα)A] −
i
8
[
Ωf [BAIJ]δ
F
K +
1
9
δFB
G
AΩf [GIJK]
] (
σbaσ
fT [IJK]
)
ϕ
+
η
3!(4!)2
εFEIJKLMN
[(
T[IJK]σbaT[LMN]
)
T[EBA]ϕ − 2
(
T[IJK]σbaT[EBA]
)
T[LMN]ϕ
]
+
η
4(4!)2
[
1
9
δFNBAδ
KL
DC + δ
KL
BAδ
FN
DC
]
εDCMIJF1F2F3(T[NLM]T[F1F2F3])(σbaT[IJK])ϕ (172)
D
ϕ˙
FF
+
ba[BA] =
i
8
(σ¯fσba)
αϕ˙
[
DfT[FBA]α − 2T[GBA]αUf
G
F −
∮
FBA
T[GBA]α(T − U)f
G
F
]
(173)
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